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15 1 Introduction 

16 Group presentations play an important role in computational group theory. In 

17 particular finite group presentations have been subject to extensive research 
is in computational group theory dating back to the early days of computer- 

19 algebra-systems [23] ■ Group presentations, on the one hand, provide an effective 

20 description of the group. On the other hand, a description of a group by its 

21 generators and relations leads to various decision problems which are known to 

22 be unsolvable in general. For instance, the word problem of a finitely presented 

23 group is unsolvable [27J E]; see a ^ so EH- Though various total and partial 

24 algorithms for finitely presented groups are known [31]. For instance, the coset- 

25 enumeration process introduced by Todd and Coxeter [32] enumerates the cosets 

26 of a subgroup in a finitely presented group. If the subgroup has finite index, 

27 coset-enumeration terminates and it computes a permutation representation 

28 for the group's action on the cosets. Coset-enumeration is a partial algorithm 

29 as the process will not terminate if the subgroup has infinite index. However, 

30 finite presentations often allow total algorithms that will compute factor groups 

31 with a special type (including abelian quotients, nilpotent quotients [25] and, 

32 in general, solvable quotients [20]). 

33 Beside quotient and subgroup methods, the well-known theorem by Reide- 

34 meister [29] and Schreier [30] allows to compute a presentation for a subgroup. 

35 The Reidemeister-Schreier theorem explicitly shows that a finite index subgroup 

36 of a finitely presented group is itself finitely presented. A similar result can be 



37 shown for finite index ideals in finitely presented semi-groups [8]. In practice, 

38 the permutation representation for the group's action on the cosets allows to 

39 compute the Schreier generators of the subgroup and the Reidemeister rewrit- 

40 ing. The Reidemeister rewriting allows us to rewrite the relations of the group 

41 to relations of the subgroup [16} l3T| I2T] . Note that a method to compute a finite 

42 presentation for a finite index subgroup can be applied in the investigation of 

43 the structure of a group by its finite index subgroups; see [TT] . 

44 Even though finitely presented groups have been studied for a long time, 

45 most groups are not finitely presented as there are uncountably many two 

46 generator groups [21] but only countably many finite presentations pQ. A gen- 

47 eralization of finite presentations are finite L -presentations which were intro- 

48 duced in pQ; however, there are still only countably many finite L-presentations. 

49 It is known that various examples of self-similar or branch groups (including 
so the Grigorchuk group [10] and its twisted twin [3]) are finitely L-presented but 

51 not finitely presented pQ. Finite L-presentations are possibly infinite presen- 

52 tations with finitely many generators and whose relations (up to finitely many 

53 exceptions) are obtained by iteratively applying finitely many substitutions to 

54 a finite set of relations; see [1] or Section [2] below. A finite L-presentation is in- 

55 variant if the substitutions which generate the relations induce endomorphisms 

56 of the group; see also Section [2] In fact, invariant finite L-presentations are 

57 finite presentations in the universe of groups with operators defined in [191 EE] 

58 in the sense that the operator domain of the group generates the infinitely many 

59 relations out of a finite set of relations. 

60 Finite L-presentations allow computer algorithms to be applied in the in- 

61 vestigation of the groups they define. For instance, they allow to compute the 

62 lower central series quotients [2], the Dwyer quotients of the group's Schur mul- 

63 tiplier [15] , and even a coset-enumeration process exists for finitely L-presented 

64 groups [13] . It is the aim of this paper to prove the following variant of 

65 Reidemeister-Schreier's theorem: 

66 Theorem 1.1 Each finite index subgroup of a finitely L-presented group is 

67 finitely L-presented. 

68 If the finite index subgroup in Theorem 11.11 is normal and invariant under the 

69 substitutions (i.e., a normal and admissible subgroup in the notion of Krull 

70 & Noether [19} 126]). an easy argument gives a finite L-presentation for the 

71 subgroup; furthermore, if the group is invariantly finitely L-presented, then so 

72 is the subgroup. However, more work is needed if the subgroup is not invariant 

73 under the substitutions. Under either of two extra conditions (the subgroup is 

74 leaf-invariant, see Definition 15.81 or it is normal and weakly leaf-invariant, see 

75 Definition 17. 2p , we show that the subgroup is invariantly finitely L-presented 

76 as soon as the group is. We have not been able to get rid of these extra 

77 assumptions. In particular, it is not clear whether a finite index subgroup 

78 of an invariantly finitely L-presented group is always invariantly finitely L- 

79 presented. We show that the methods presented in this paper will (in general) 
so fail to compute invariant L-presentations for the subgroup even if the group is 
si invariantly L-presented. However, we are not aware of a method to prove that 
82 a given subgroup does not admit an invariant finite L-presentation at all. 
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Our proof of Theorem 1 1.1 1 is constructive and it yields a finite L-presentation 



B4 for the subgroup. These finite L-presentations can be applied in the investiga- 

B5 tion of the underlying groups as the methods in [T7j suggest for finitely presented 

B6 groups. Notice that Theorem 11.11 was already posed in Proposition 2.9 of [JJ. 

87 The proof we explain in this paper follows the sketch given in [JJ, but fixes a 

88 gap as the L-presentation of the group in Theorem 1 1.1 1 is possibly non-invariant. 

89 Even if the L-presentation is assumed to be invariant, the considered subgroup 

90 cannot be assumed to be invariant under the substitutions. 

91 This paper is organized as follows: In Section [2] we recall the notion of 

92 a finite L-presentation and we recall basic group theoretic constructions which 

93 preserve the property of being finitely L-presented. Then, in Sectional we recall 

94 the well-known Reidemeister-Schreier process. Before we prove Theorem II .11 in 

95 Section we construct in Section U] a counter-example to the original proof 

96 of Theorem 11.11 in [Tj Proposition 2.9]. Then, in Section [5l we introduce the 

97 stabilizing subgroups which are the main tools in our proof of Theorem 11.11 In 

98 Section [JJ we study conditions on the finite index subgroup of an invariantly 

99 L-presented group to be invariantly L-presented itself. We conclude this paper 

100 by considering two examples of subgroup L-presentations in Section [8] including 

101 the normal closure of a generator of the Grigorchuk group considered in [31 [9] . 

102 We fix a mistake in the generating set of the normal closure (<i) e using our 

103 Reidemeister-Schreier theorem for finitely L-presented groups. Therefore we 

104 show, in the style of |17j . how these computational methods can be applied in 

105 the investigation of self-similar groups. 

106 2 Preliminaries 

107 In the following, we briefly recall the notion of a finite L-presentation and the 

108 notion a finitely L-presented group as introduced in [TJ. Moreover, we recall 

109 some basic constructions for finite L-presentations. 

no A finite L-presentation is a group presentation of the form 



in where A" is a finite alphabet, Q and TZ are finite subsets of the free group F 

112 over X, and C End(L) denotes the free monoid of endomorphisms which 

113 is finitely generated by We also write (X \ Q \ $ | TZ) for the finite L- 

114 presentation in Eq. ([TJ and G = (X \ Q | $ | TZ) for the finitely L-presented 

115 group. 

116 A group which admits a finite L-presentation is finitely L-presented. An 

117 L-presentation of the form {X | | <3? | TZ) is an ascending L-presentation and 
us an L-presentation (X \ Q | <fr | TZ) is invariant (and the group it presents is in- 

119 variantly L-presented), if each endomorphism (p 6 $ induces an endomorphism 

120 of the group G\ that is, if the normal subgroup (QUlJ^g^* 7Z a ) F is 92-invariant. 

121 Each ascending L-presentation is invariant and each invariant L-presentation 




(1) 
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122 [X \ Q | $ | TZ) admits an ascending L-presentation (X | | $ | Q U TZ) which 

123 defines the same group. On the other hand, we have the following 

124 Proposition 2.1 There are finite L-presentations that are not invariant. 

125 Proof. The group B = ({a, b, t} j {a* a -4 , b l 1 b~ 2 , [a, 6*'] | i G Z}} is a met- 

126 abelian, infinitely related group with trivial Schur multiplier [B]. By introducing 

127 a stable letter u, this group admits the finite L-presentation 



128 where a is the free group homomorphism induced by the map a: a t— >■ a, b i— > b, 

129 t H > t, and tt h4 u , while 5 is the free group homomorphism induced by the 

130 map 5: a h > a, 6 H )■ 6, t i— > i, and it i— > tt* . This finite L-presentation is not 



132 The class of finitely L-presented groups contains all finitely presented groups: 

133 Proposition 2.2 Each finitely presented group (X \ TZ) is finitely L-presented 

134 by the invariant (or ascending) finite L-presentation (X | | | 1Z). 

135 Therefore, (invariant or ascending) finite L-presentations generalize the con- 

136 cept of finite presentations. Examples of finitely L-presented, but not finitely 

137 presented groups, are various self-similar or branch groups pQ including the 

138 Grigorchuk group [TOj [22j [TT| and its twisted twin [3]. However, the concept 

139 of a finite L-presentation is quite general so that other examples of infinitely 

140 presented groups are finitely L-presented as well. For instance, the groups 

141 in [6j HH [28] are all finitely L-presented. 

142 Various group theoretic constructions that preserve the property of being 

143 finitely L-presented have been studied in [T]. For completeness, we recall some 

144 of these constructions in the remainder of this section. 

145 Proposition 2.3 (pQ, Proposition 2.7]) Let G = (X | Q | $ | K) be a 

146 finitely L-presented group and let H = (y | S) be finitely presented. The group 

147 K which satisfies the short exact sequence is finitely 

148 L-presented. 

149 Proof. We recall the constructions from pQ in the following: Let 5: H — > K be 

150 a section of H to K and identify G with its image in K. Each relation r € S of 

151 the finitely presented group H lifts, through the section S, to an element g r 6 G. 

152 As the group G is normal in K, each generator t € 3^ of the finitely presented 

153 group H acts, via 5, on the subgroup G. Thus we have = g x j G G for 

154 each x G X and iG3^- If <-f U = 0, we may consider the following finite 

155 L-presentation 



156 where the endomorphisms $ of G's finite L-presentation (X \ Q \ $ | TZ) are 

157 extended to endomorphisms <!> = {a \ a G of the free group F(X L>y) by 



{{a,b,t,u} | {ub" 1 } | {a, 6} \ {aV 4 ,^ V 2 , [a, u]}) 
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invariant |14j . 



□ 



U y | Q U {r g- 1 | r G 5} U {x l g~l \ x e X,t £ y} \ $ \ TZ) 



(2) 




I—)- x a , for each x G X 
I— > y, for each y £ y. 
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158 The finite L-presentation in Eq. ([2]) is a presentation for K; see pQ. □ 



159 As a finite group is finitely presented, Proposition 12.31 yields the immediate 

wo Corollary 2.4 Each finite extension of a finitely L-presented group is finitely 

161 L-presented. 

162 Note that the constructions in the proof of Proposition 12.31 above give a finite 

163 L-presentation for K which is not ascending - even if the group G is given by 

164 an ascending L-presentation. We therefore ask the following 

165 Question 1 Is every finite extension of an invariantly (finitely) L-presented 

166 group invariantly (finitely) L-presented? 

167 We do not have an answer to this question in general; though we suspect its 

168 answer is negative, see Remark 17.81 Given endomorphisms <3> of the normal 

169 subgroup G in Proposition 12.31 one problem is to construct endomorphisms of 

170 the finite extension K which restrict to This does not seem to be possible 

171 in general. 

172 A finite L-presentation for a free product of two finitely L-presented groups 

173 is given by the following improved version of [U Proposition 2.6]. 

174 Proposition 2.5 The free product of two finitely L-presented groups is finitely 

175 L-presented. If both finitely L-presented groups are invariantly L-presented, 

176 then so is their free product. 

177 Proof. Although a proof of the first claim can be found in pQ , we summarize 

178 its construction for our proof of the second claim. Let G = {X \ Q | $ | 1Z) and 

179 H = {y | S | ^ | T) be finitely L-presented groups. Suppose that X n y = 
iso holds. Then G * H is finitely L-presented hy (X \jy \ Q\JS \$\J^> \ RUT) 

181 (see [T]), where the endomorphisms in <3? and in ^ are extended to endomor- 

182 phisms $ and ^ of the free group F(X U 3-0 over X U y as follows: for each 

183 o E we let 



184 and, accordingly, for each 5 G As an invariant L-presentation (X \ Q \ $ | 1Z) 

185 can be considered as an ascending L-presentation (X \ | $ | Q U TZ), we can 

186 consider Q and 5 to be empty. Then the latter construction from [1] shows 

187 that the free product G * H is ascendingly finitely L-presented and thus it is 



189 We further have the following improved version of [H Proposition 2.9]: 

190 Proposition 2.6 Let N < G be a normal subgroup of a finitely L-presented 

191 group G = {X \ Q \ $ | 7£) . If N is finitely generated as a normal subgroup, 

192 the factor group G/N is finitely L-presented. If, furthermore, G is invariantly 

193 L-presented and the normal subgroup N is invariant under the induced endo- 

194 morphisms 3>, then G/N is invariantly L-presented. 




for each x € X 
for each y € y-, 



188 invariantly finitely L-presented. 



□ 
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195 Proof. Let A = (g\, ... , g n ) be a finite normal generating set of the normal 

196 subgroup N. We consider the generators g\, . . . ,g n as elements of the free group 

197 F over X. Then the finite L-presentation [X \ QL){gi, . . . , g n } | $ | TZ) is a finite 

198 L-presentation for the factor group G/N; see [T]. Suppose that G is given by 

199 an invariant L-presentation (X \ Q | $ | K). Then G = {X | | $ | Q U 71). As 

200 A CT C A holds, each <r € <£* induces an endomorphism of the L-presented factor 

201 group G/N. Thus the images gf,...,g^ are consequences of the relations of 

202 G/N's finite L-presentation. Therefore G/N = (X \ Q | $ | TZU {gi, . . . , g n }) = 

203 (X | | $ | QU ft U {#!,..., <?„}). □ 

204 Note that, if G is invariantly L-presented and A is a normal ^-invariant sub- 

205 group, then, in the notion of Krull & Noether [19} 126] . the group G is a group 

206 with operator domain <3? and the normal subgroup is an admissible subgroup. 

207 Proposition 12.51 and Proposition 12.61 yield the following straightforward 

208 Corollary 2.7 Let G and H be finitely L-presented groups and let F be a 

209 finitely generated group with isomorphisms tp: F —¥ G and <p:F — > H . Then the 

210 amalgamated free product G *f LL is finitely L-presented. 

211 For further group theoretic constructions which preserve the property of being 

212 finitely L-presented were refer to pQ. 



213 3 The Reidemeister-Schreier process 

214 In the following, we briefly recall the Reidemeister-Schreier process for finite 

215 index subgroups as, for instance, outlined in [2UGEE]. For this purpose, let G be 

216 a group given by a group presentation (X \ /C) where X is a (finite) alphabet 

217 which defines the free group F and /C C F is a (possibly infinite) set of relations. 

218 Denote the normal closure of K, in F by K = (JC) F . Then G = F/K. 

219 Let U < G be a finite index subgroup of G given by its generators g\, . . . , g n . 

220 Let T C F be a Schreier transversal for U in G (i.e., a transversal for U in G 

221 so that every initial segment of an element of T itself belongs to T, see |21j : 

222 note that we always acts by multiplication from the right). We consider the 

223 generators of U as words over the alphabet X and thus as elements of the free 

224 group F. Then the subgroup U = {g\, . . . , g n ) satisfies that IA = UK/K. In the 

225 style of [21] . we define the Schreier map x X — > F by r y(t,x) = tx (tx) -1 

226 where tx denotes the unique element s G T from the Schreier transversal so 

227 that UK s = UK tx holds. The Schreier theorem (as, for instance, in |21[ 

228 Proposition 1.3.7]) shows that the subgroup UK < F is freely generated by the 

229 Schreier generating set 

y = { 7 (t,x) 1 1 eT,xe x}. 

230 In particular, the Schreier theorem yields that a finite index subgroup of a 

231 finitely generated group is itself finitely generated. We consider the set y as 

232 an alphabet and we denote by F(y) the free group over 3^- The Reidemeister 

233 rewriting r is a map r: F — > F(y) given by 

r(yi ■■■y n )= 7(1, yi) ■ 7(2/1, 2/2) •• • 7(2/1 • • -yn-i, y n ) 
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234 where each yi G X U X .In general, the Reidemeister rewriting r is not a group 

235 homomorphism; though, we have the following 

236 Lemma 3.1 For H < UK, the restriction t:H — > F(y) is a homomorphism. 

237 Proof. Let g, h G H be given. Write g = gi • • ■ g n and h = h\ - ■ ■ h m with each 

238 /ij, <7j G A? U Then, as g\ ■ ■ ■ g n = g = l holds, we obtain that 

T (gh) = 7(1, gi) ■ ■ ■j(g 1 • ■■g n -i,g n ) ■ 7(1 A) ■ ■ ■ 7(^1 ■ ■ ■ h m -i,h m ) = T(g)r(h) 

239 while we already have r(l) = 1 by definition. □ 

240 By Schreier's theorem, the Reidemeister rewriting r: UK — > F(y) gives an 

241 isomorphism of free groups. A group presentation for the subgroup U = UK/K 

242 is given by the following well-known theorem; cf. [211 Section II. 4]. 

243 Theorem 3.2 (Reidemeister-Schreier Theorem) If r denotes the Reide- 

244 meister-Schreier rewriting, T denotes a Schreier transversal for U in G, and if 

245 (X I K) is a presentation for G, the subgroup U is presented by 

U ^ (y I {T(trr l ) \r G K,t GT}> . (3) 

246 Proof. We recall the proof for completeness: Notice that U = UK/K = 

247 t(UK)/t(K) holds. By Schreier's theorem, we have t{UK) = F(y). It there- 

248 fore suffices to determine a normal generating set for t{K). As /C is a normal 

249 generating set for K < F, a generating set for the image t(K) is given by 

250 t(K) = ({r^rg' 1 ) \ r G IC,g G F}}. Since T is a transversal for UK in 

251 F, each g G F can be written as g = ut with t G T and u G UK. This 

252 yields t(K) = ({r{utrt~ l u~ l ) \ r G /C, g = ut G F}). For each relation 

253 r G /C, we have that irt -1 G UK and n G C/iiT. By Lemma 13. 11 we obtain that 

254 r(utrt _1 u _1 ) = t(u) T(trt~ l ) r(u)^ 1 . Therefore r{utrt~ l u~ l ) is a consequence 

255 of r(trt~ 1 ) and hence, it can be omitted. Thus a normal generating set for 

256 t{K) is given by t(K) = <{r(tr^ 1 ) | r G £, t G T}) F(J;) . □ 

257 In particular, if W is a finite index subgroup of a finitely presented group G, 

258 there exist a finite set of relations /C and a finite Schreier transversal T so that 

259 the subgroup U is finitely presented by Theorem 13.21 This latter result for 

260 finitely presented groups is well-known and it is often simply referred to the 

261 Reidemeister-Schreier theorem for finitely presented groups. In this paper, we 

262 prove a variant of the Reidemeister-Schreier theorem for finitely L-presented 

263 groups. 

264 4 A typical example of a subgroup Z-presentation 

265 Before proving Theorem we first consider an example of a finite L-pre- 

266 sentation for a finite index subgroup of a finitely L-presented group. For this 

267 purpose we consider a subgroup of the Basilica group [12]. The Basilica group 

268 satisfies the following 
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269 Proposition 4.1 (Bartholdi &; Virag, [5]) The Basilica group G is invari- 

270 antly finitely L-presented by G = ({a, 6} | | {<r} | {[a, a b ]}) where a is the free 

271 group homomorphism induced by the map a h4 6 2 and 6 i— > a. 

272 Since the Basilica group G is invariantly L-presented, the substitution a induces 

273 an endomorphism of G. The group G will often provide an exclusive (counter-) 

274 example throughout this paper. 

275 Consider the subgroup U = (a, 6a6 _1 , 6 3 ) of the Basilica group. Then coset- 

276 enumeration for finitely L-presented groups |13j shows that IA is a normal sub- 

277 group of G with index 3. A Schreier generating set for the subgroup hi is given 

278 by {a, bab" 1 , b 2 ab~ 2 , b 3 }. Write x\ = a, X2 = bab~ l , x% = b 2 ab~ 2 , and x 4 = 6 3 . 

279 Denote the free group over {a, b} by F and let J- denote the free group over 

280 {x±, x 2 , X3, x 4 }. For each n G No, we define a n = (2 n + 2)/3 and b n = (2 n + l)/3. 

281 Then the c-images of the iterated relation r = [a, a b ] can be rewritten with the 

282 Reidemeister rewriting r: F — >■ T . Their images have the form 



r(r ) 



and 



r(r ) 



x 4 

-O.n+1 



X 



~ a n. rJl n /r , a n 



if n is even, 
if n is odd, 



~ h n + l^2 n J>n+\ „-2 n J>n+ 



■J --) 



X I 



X 



1 - 



.1 



a n+ i+l 2 n — 2 n _On+l J2 



T 2n+1 , 



Xn 



X 1 



1 ) 



if n is even, 
if n is odd. 



284 Note that r(r°" ) € [J-, J 7 ] though r(r°" ) [J 7 , J 7 ]. Therefore, the images 

285 r(r ff ') split into two classes which are recursive images of the endomorphism 



a: T — > J 7 , < 



x\ 1 — y xl, 
x 2 h-> x% 

2 — 1 

' t X 4 X<2 X ^ , 

k x 4 1 ^ x 4 j 



286 in the sense that a satisfies 

I a 2n \ r -1 I?" i I a 2n+1 \ / -1 -1 -1 -1 \a n 

T[r ) = [xi,x 4 X3X4J and r(r j = (x 4 x 2 x 4 X3X4X2 X4X1) , 

287 for each n € No . In Section [8l we will show that a finite L-presentation for the 

288 subgroup U is given by 

U = ({x\, . . . , x 4 } I I {a, 6} I {[xi, x^x 3 x 4 ], x"; 1 ^"/ 1 x 4 " 1 x 3 x 4 x~: x x 4 xi}) 

289 where the endomorphism 5 is induced by the mapping 



5:F^T,< 



Xi H> x 2 , 

x 2 1— > x 3 , 

X3 H-> X 4 XiX 4 ~ 1 , 

X 4 h-> x 4 . 



290 These subgroup L-presentations are typical for finite index subgroups of a 

291 finitely L-presented group. Besides, the subgroup U and its subgroup L-presen- 

292 tation provide a counter-example to the original proof of Theorem 11.11 in [1] as 
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293 there is no endomorphism e of the free group T such that r(r CTn ) = e(r(r cr ' 1 )) 

294 for each n £ No. A reason for the failure of the proof in [T] is that the subgroup 

295 hi is not u- invariant but <7 2 -invariant. Therefore, the method suggested in the 

296 proof of [TJ Proposition 2.9] will fail to compute a finite L-presentation for hi. 

297 5 Stabilizing subgroups 

298 In this section, we introduce the stabilizing subgroups which will be central to 

299 what follows. 

300 Let G = (X | Q | $ | 71) be a finitely L-presented group and let hi be 

301 a finite index subgroup of G which is generated by g± , . . . , g n , say. Denote 

302 the free group over X by F and let K = (Q U U CTe $* K a ) F . We consider the 

303 generators gi,...,g n of the subgroup hi as words over the alphabet X. Thus 

304 the subgroup U = (g±, . . . ,g n ) of the free group F satisfies hi = UK/K. The 

305 group F acts on the right-cosets UK\F by multiplication from the right. Let 

306 ip: F — > Syva(UK\F) be a permutation representation for the group's action on 

307 UK\F. Note that this permutation representation can be computed with the 

308 coset-enumeration methods in |13| . We obtain the following 

309 Lemma 5.1 The kernel hsn{ip) is the normal core, Corep(UK), of UK in F. 

310 Proof. As each g G ker(<^) stabilizes the right-coset UK 1, the kernel ker^) <F 

311 is contained in the subgroup UK = ip -1 (Stabs ym (uK\F){UK 1)). Hence ker(c^) < 

312 CoTep(UK). Recall that Coxgf{UK) = f] x&F xUK x~ l . We show that each 

313 g G Coxqf{UK) acts trivially on the right-cosets UK\F. Let t G T be given. 

314 Then, as F acts transitively on the cosets UK\F, there exists h G F so that 

315 th = v G UK. Then h~ l = v~ 1 t. As g G f] xeF xUK x -1 , there exists u G UK 

316 with g = huh' 1 . Hence UK t ■ g = UKthuh' 1 = UKuh' 1 = UK h' 1 = 

317 UKv~ l t = UKt and so g acts trivially on the right-cosets UK\F. Thus we 

318 have g G ker(</3) and Core^KfT) < ker (</?). □ 

319 In the following we define the stabilizing subgroups. These subgroups will be 

320 central to our proof of Theorem 11.11 in Section [6l 

321 Definition 5.2 Let G = (X \ Q | $ | TZ) be a finitely L-presented group and let 

322 hi < G be a finite index subgroup which admits the permutation representation 

323 (p: F — )• Sym(UK\F). The stabilizing subgroup of hi is 

£= P| (a<p)-\St a b Syia{UK \ F) (UKl)). (4) 

erg** 

324 The stabilizing core of hi is 

C= p| ker(ap). (5) 
o-e<3>* 

325 For each a G we denote by ||<t|| the usual word-length in the generating 

326 set <!>. The free monoid has the structure of a |$|-regular tree with its root 

327 being the identity map id: F — > F. We can further endow the monoid with a 
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328 length-plus- (from the right)-lexicographic ordering -< by choosing an arbitrary 

329 ordering on the (finite) generating set <£. We then define a -< 5 if ||<r|| < \\6\\ 

330 or, otherwise, if a = o\ ■ ■ ■ a n and 5 = 5± ■ ■ ■ 5 n , with each o~j, 5j € <3?, and there 

331 exists a positive integer 1 < k < n such that <7j = 5i for each k < i < n, 

332 and <Tfc -< 5k- Since is finite, the constructed ordering -< is a well-ordering 

333 on the monoid see |31| . Thus, there is no infinite descending sequences 

334 o~\ >- o~i y- . . . in <&*. 

We consider Algorithm [1] below. If ip: F — > Sym(UK\F) denotes a permu- 

IteratingEndomorphisms(-Y, Q, 71, U, ip) 
Initialize S := $ and V := {id: F -> F}. 
Choose an ordering on $ = . . . , (j) n } with <f>i -< 4>i-\-\- 
while S 1 / do 

Remove the first entry 5 from 5. 
if not (3 a £ V: 5ip = atp) then 
Append <f)\5, . . . , n <5 to S. 
Add <5 to V. 
return( V ) 

Algorithm 1: Computing a finite set of endomorphisms V C $*; see also [13] 

335 

336 tation representation as in Definition 15. 2\ the algorithm IteratingEndomor- 

337 phisms returns a finite image of a section of the map $* — >■ Hom(i ? , Sym(UK\F)) 

338 defined by <r i— > (793. More precisely, we have the following 

339 Lemma 5.3 The algorithm IteratingEndomorphisms terminates and it re- 

340 turns a finite set of endomorphisms V C satisfying the following property: 

341 For eac/i o"i S $* i/iere exists a unique a n (zV so that a up = cr n ip. The element 

342 a n is minimal with respect to the total ordering -< constructed above. 

343 Proof. Let X be a basis of the free group i 7 . Then a homomorphism ip:F—> 

344 Syu^C/i^-F) is uniquely defined by the image of this basis. Since UK\F is 

345 finite, the symmetric group Sym(UK\F) is finite. Moreover, as F is finitely 

346 generated, the set of homomorphisms Hom(i ? , Sym(UK\F)) is finite. Therefore 

347 the algorithm IteratingEndomorphisms can add only finitely many elements 

348 to V. Thus the stack S will eventually be reduced and the algorithm terminates. 

349 The ordering -< on $ can be extended to a total and well-ordering on the 

350 free monoid $* as described above. The elements in the stack S are always 

351 ordered with respect to the total and well-ordering -<. They further always 

352 succeed those elements in V. In particular, the elements in V are minimal. Let 

353 o\ 6 be given. Then there exists w € $* maximal subject to the existence of 

354 5 £ V so that o~i = w5. If \\w\\ = holds, then o~\ E V and the claim is proved. 

355 Otherwise, there exists ip € $ so that o~\ = vip5 for some v € $* and ip5 V. 

356 The algorithm yields the existence of e S V so that e -< ip5 and ■i/'^V 9 = SV 9 - We 

357 also have that 02 = ve < vip5 = o\. This rewriting process yields a descending 

358 sequence o\ >- 0% y- . . . of endomorphisms. As ^ is a well-ordering there exists 

359 a n 6 V so that 01 >- o"2 >" • • • >- o"n an d o-±(p = a n <p. Clearly, the element a n is 

360 unique. □ 
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361 If ip: F — > Sym(UK\F) is a permutation representation for an infinite index 

362 subgroup UK < F, we cannot ensure finiteness of the set V above. 

363 For finite L-presentations (X \ Q | <3> | 1Z) with <3? = {cr}, Algorithm [1] and 

364 Lemma 15.31 yield the following 

365 Corollary 5.4 If <E> = {cr}, there exist integers < i < j with a 3 ip = a l ip. 

366 The set V C $* returned by Algorithm [1] satisfies the following 

367 Lemma 5.5 The set V can be considered as a subtree o/$*. The image of the 

368 finite set V and the image of the monoid $* in Hom(i ? , Sym(UK\F)) coincide. 

369 Proof. The identity mapping id: F — > F is contained in the set V and it 

370 represents the root of V. Let a G V be given. Then either cr € $ or there 

371 exists i/> G $ and 5 G <!>* so that cr = ip5. In the first case, the identity mapping 

372 id: F —¥ F is a unique parent of a G <I>. Suppose that cr = -05 holds. We 

373 need to show that 5 £ V. The algorithm IteratingEndomorphisms only 

374 adds elements from the stack S to V. Thus at some stage of the algorithm we 

375 had cr = if) 6 G S; however, this element is added to the stack S as a child of 

376 the element 5. The uniqueness follows from the freeness of The second 

377 argument follows immediately from Algorithm [1] and Lemma 15.31 □ 

378 We define a binary relation ~ on the free monoid <I>* by defining a ~ 5 if and 

379 only if the unique element o~ n G <£* in Lemma 15.31 coincides for both cr and 5. 

380 Thus cr ~ 5 holds if and only if crip = 5ip. This definition yields the immediate 

381 Lemma 5.6 The relation a ~ 5 is an equivalence relation. Each equivalence 

382 class is represented by a unique element in V which is minimal with respect to 

383 the total and well-ordering 

384 Recall that ip: F — > Sym(UK\F) is a permutation representation for the group's 

385 action on the right-cosets UK\F. Therefore, if T denotes a transversal for UK 

386 in F, then cr ~ 5 implies that UKt ■ g a = UK t ■ g s , for each t € T and g € F. 

387 We therefore obtain the following 

388 Lemma 5.7 If a € <I>* satisfies aip = ip, then the subgroup UK is a-invariant. 

389 There are a-invariant subgroups UK that do not satisfy aip = ip. 

390 Proof. As aip = tp holds, we have UKt- g u = UK tg for each t £ T and g € F. 

391 Let g G UK be given. Then UK 1 • g a = UK 1 • g = UK 1 and so g a G UK. The 

392 index-2 subgroup U = (a, b 2 ,bab~ 1 ) of the Basilica group satisfies {UK) a Cj UK 

393 and cry? ^ 99. This (and similar results in the remainder of this paper) can be 

394 easily verified with a computer- algebra-system such as Gap. □ 

395 The latter observation motivates the following 

396 Definition 5.8 Let G = (X \ Q \ $ | 1Z) be a finitely L-presented group and 

397 letlA < G be a finite index subgroup with permutation representation ip. Then 

398 the ip-leafs ^ C <£* \ V of V C are defined by 

* = {^s I ip G S G V, if;S V, ipSip = ip}. (6) 

399 The subgroup U is leaf-invariant if ^> = {ip5 \ if) G $*, 6 G V, ipb~ V} holds. 
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400 As C End(F) is finite and the equivalence ~ yields finitely many equivalence 

401 classes, the set of y-leafs \£ of V C is finite. We obtain the following 

402 Lemma 5.9 IflA is a leaf-invariant subgroup of G, then each (p-leaf ip5 E \P 

403 induces an endomorphism of UK. Moreover, each o~\ E can be written as 

404 u\ = va with v E V and d(!$*C End(£/K"). 

405 Proof. We again follow the ideas of Algorithm [TJ By Lemma l5.7| the condition 

406 ipaip = ip implies ^u-invariance of UK and hence ^* C End(J7K"). Write 

407 W = {4)5 \ ip £ $,5 E V,ip5 g V} and let a\ E $* be given. There exists 

408 w E <£* maximal subject to the existence of 5 E V so that ci = wS. If ||w|| = 0, 

409 then o"i = (5 • id with <5 6 V and id € ^* . Otherwise, there exists ip E $ and 

410 cr 2 € so that (Ti = <T2-05 and V. Note that 05 G W. Since is 

411 leaf-invariant, we have W = and hence ip5 E ^f. Therefore ip5 induces an 

412 endomorphism of UK and we can continue with the prefix 02 of a\. Clearly 

413 (T2 -< o\. Rewriting the prefix 02 yields a descending sequence o\ >- 0% . . . in $*. 

414 As ^ is a well-ordering, we eventually have o\ >- 0*2 >~ ■ ■ ■ >~ o~n with a n E V. □ 

415 If the finite L-presentation {X \ Q | <& | TV) satisfies <I> = {a} and if there 

416 exists a minimal positive integer < j so that a J p = ip holds, then the set 

417 W = {ip5 I ip E <£, 6 E V, -05 G" V^} in the proof of Lemma 15.91 above becomes 

418 W = {o* 3 }. Note the following 

419 Remark 5.10 The condition a 3 ip = a°p is essential for the a 3 ~° -invariance 

420 of the subgroup. For instance, the subgroup IA = (a, bab~ l ,b~ 1 a 2 b,b 4 ,b 2 ab~ 2 ) of 

421 the Basilica group satisfies a A p = a 3 ip but it is not a-invariant. 

422 The stabilizing subgroup £ introduced in Definition 15.21 satisfies the following 

423 Proposition 5.11 Let l^Cf* be the finite set returned by Algorithm^ The 

424 stabilizing subgroup £ satisfies that 

£ = p| (^)- 1 (Stab Sym(c/MF) ([/^l)). 
o-ev 

425 The stabilizing subgroup £ is ^-invariant (i.e., we have & C £ for each tp E <f>). 

426 It is contained in the subgroup UK and it has finite index in F. The stabilizing 

427 subgroup £ is the largest <£* -invariant subgroup of UK. It is not necessarily 

428 normal in F . 

429 Proof. Write /C = f] (7€V (aip)~ 1 (Stabg ym ^u K \ F ^(UK 1)). Clearly £ C K. holds. 

430 Let g G K, and a G <£* be given. By Lemma l5.3( there exists a unique 5 G V 

431 so that aip = Sep. This yields that UK 1 • g u = UK 1 • g s = UK 1. Thus 

432 g G (atp)" 1 (Stahs ym (uK\F){UK 1)) and so K, C £. 

433 Let ip E and cr G V be given. Then either 0<r G V or there exists 

434 5 E V so that ipop = 5<p. In the first case, the image g^ u of the element 

435 g E £ C (V ) <7(^)~ 1 (Stabg ym (rjx\F)(C^ 1)) stabilizes the right-coset tZK" 1 and 

436 thus G UK. In the second case, there exists 5 E V so that -00"^ = 

437 and g^f = g &Lp . As g E £ C (fy)~HStabg ym (^ F )(«K'l)), the image 

438 stabilizes the right-coset f7if 1. Hence L7RT 1 • ^ CT = UK 1 • = UK 1 and thus 
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439 g^ m G UK. Therefore, in both cases considered above, we have that g^ a G UK 

440 and so g^ G (aip)^ 1 (Stabg ym ^ UK \ F ^(UK 1)). As cr was arbitrarily chosen, we 

441 have g^ G £ which proves the ^-invariance of the stabilizing subgroup £. 

442 Let g G £ be given. As id G V holds, 5 G </?~ 1 (Stabg ym (fj#-yF)(£/K' 1)). 

443 Hence the element g £ £ stabilizes the right-coset UK 1. Thus LTfT 1 ■ 3 = C/K" 1 

444 and (7 € Since £ is the intersection of finitely many finite index subgroups 

445 of F, the stabilizing subgroup has finite index in F. 

446 Let N be a $*-invariant subgroup satisfying £ < N < UK < F. Then, for 

447 each a G we have N a C N. Let g £ N be given. Then g a G N < UK, as N 

448 is cr-invariant. Thus UK 1 ■ g u = UK1 and g G (aip)~ 1 (St&h Sym ( UK \ F }(UK 1)). 

449 Since cr G <£* was arbitrary, we have g € £ and thus £ = N. 

450 The stabilizing subgroup /I = {a,bab~ l ,b~ 1 a 2 b,b 2 ab~ 2 ,b 3 a~ 1 b,b~ 1 ab s ) of 

451 the subgroup W = (a, fraft" 1 ,b~ 1 a~ 2 b,b 2 ab~ 2 ,b 3 a~ 1 b,b~ 1 ab 3 ) of the Basilica 

452 group is not normal in F. □ 

453 The stabilizing subgroup £ always satisfies that £ C C/K". Conditions for equal- 

454 ity are given by the following 

455 Lemma 5.12 The stabilizing subgroup satisfies £ = UK if and only if(UK)^ C 

456 UK for all tp G V. Moreover, we have (UK)V C UK for all ip G V if and only 

457 if (UK) S C UK for all 5 G <&*. 

458 Proof. We already proved that £ C CZK" holds. Let 5 G CZK" and ^ G V 

459 be given. If (WCf C LTfC holds, then [/if 1 ■ ^ = ^ 1 and thus ^' G 

460 v?" 1 (Stabg ym (ry#-\i?) {UK 1)). As ^ was arbitrary, we have g G £ and there- 

461 fore UK C £. On the other hand, suppose that UK C £ holds. Then, as £ 

462 is ^-invariant, for each tp G $*, we have that (UK)* C jC^ C £ C £77f which 

463 proves the l/-invariance of UK. 

464 Clearly, as V C <£* holds, the <£*-invariance of CZK" yields the TZ-invariance 

465 of UK. On the other hand, suppose that UK is ^-invariant. Let 5 G <£* be 

466 given. Then there exists cr G V so that <j</j = 5ip. If (7 G CZK", then the image 

467 <7 CT stabilizes the right-coset UK 1 as UK is ^/-invariant. We therefore obtain 

468 UK 1 -g s = UK 1 • g a = UK 1 and hence g s G £7ET which proves the <3>*-invariance 

469 of UK. □ 

470 In the style of |13j . we define a binary relation on the free monoid <3>* as 

471 follows: For a, 5 G $* we define cr (5 if and only if there exists a homomor- 

472 phism 7r: im(cfy?) — > im(cr^) so that a(p = 5(pir holds. It is known |13j that it is 

473 decidable whether or not a 5 holds. This yields that 

474 Lemma 5.13 Let V C <1>* be the finite set returned by Algorithm^ Then there 

475 exists a subset V C V with the following property: For each a G rTiere exists 

476 a unique element 5 £ W so that a 5 and 5 is minimal with respect to the 

477 ordering -< in Lemma \5.3[ 

478 Proof. This is straightforward as the set V returned by Algorithm [TJ is an 

479 upper bound on V because a ~ 5 implies both cr 5 or 5 cr. □ 
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480 Again, the set V in Lemma 15.131 can be considered a subtree of $* or even 

481 as a subtree of V . The binary relation is reflexive and transitive but not 

482 necessarily symmetric. The equivalence relation ~ and the relation are 

483 related by the following 

484 Lemma 5.14 Let G = (X \ Q | $ | TZ) be a finitely L-presented group and let 

485 ip: F — > Sym(UK\F) be a permutation representation. For a, 8 € <3?*, we have 



486 (i) We have a 8 and 8 a if and only if the homomorphism tt: im(8(p) — > 

487 im(o~<p) with a<p = 8(pn is bijective. 

488 (ii) If a ~ 8, then a 5 and 5 o~ ■ The converse is not necessarily true. 

489 (Hi) If k > is minimal so that a k ~ id, there exists a minimal positive integer 

490 £ so that £ | k and a e id. If = {o~}, then the set V from Lemma \5.13\ 

491 becomes V = {id, a, . . . , a e ~ 1 }. 

492 (iv) If £ is a minimal positive integer so that both a id and id a hold, 

493 there exists k > £ so that a k ~ id. If Q = {cr}, then the set V returned by 

494 Algorithm^ becomes V = {id, a, . . . , a k ~ 1 } while V = {id, a, . . . , a^ 1 }. 

495 (v) The subgroup U = (a,6 2 ,6a6 _1 ) of the Basilica group satisfies a id 

496 but there is positive integer £ > so that ~ id holds. 



497 Proof. If the homomorphism tt: im(8p) — > \m.(a<p) with aip = 8(pir is bijective, 

498 then we obtain aipir -1 = 8ip and thus 5 ^ v o. On the other hand, suppose that 

499 both g 8 and 8 a hold. Then there are homomorphisms tt: im(cr(p) — > 

500 im(8f) and r: im(8<p) — > im(a<p) so that Sip = aipir and oip = 8(pr. This yields 

501 8ip = aipir = SipTir and o~<p = 8<pr = aipirr. Hence tt and r are isomorphisms. 

502 Since a ~ 8 implies op = 8(p, we immediately obtain both a 8 and 

503 8 a. The subgroup U = (a, bab" 1 ,^} of the Basilica group admits the 

504 permutation representation ip: a i— > (), b t— y (1,2,3). We have o~ 2 <p:a i-> (), 

505 b i— >■ (1, 3, 2) and therefore a 2 id and id ^ v a 2 . Though a 2 p> ^ (p. 

506 Suppose that a k ~ id or a k tp = <p holds. Then im(<^) D im(o"(^) D . . . D 

507 im(<T fc <^) = im((/3). Clearly, there exists a positive integer < j < k minimal 

508 subject to the existence of < i < j so that a 3 a 1 . Hence, there exists 

509 a homomorphism Ti:\m{a l p) — > im^c^) so that a^tp = a l ipiT. Note that tt is 

510 surjective. As k — i > 0, we have a k ~ l a ] <p = a k ~ % a % p>TT = a k p>T\ = ipn. On the 

511 other hand, we have a k ~ l a^<p> = a 3 ~ l a k ip = a 3 ~ % <p. Hence a^~ l ip = ipir. If i > 0, 

512 the latter contradicts the minimality of j. Thus i = and we have a 3i p = ipTi 

513 for a homomorphism tt: \m(<p) — > im^ip). Since im(<^) D im(<7<^) 2 ••• 2 

514 im(o" fc 9?) = im(<^), the homomorphism tt is an automorphism of the finite group 

515 im((p). As im((/j) is finite, the automorphism tt has finite order n, say. Suppose 

516 that nj < k holds. Then we can write k = s ■ nj + t with < t < nj and s € N. 

517 This yields that ip = a k ip = o 1 a sn ^Lp = o- t ip{'K n ) s = a f p and cr* id. By 

518 the minimality of j, we have t > j. Therefore, we can write t = mj + i with 

519 < £ < j and m G N. This yields that (p = a l ip = a e ipTr m and thus a e id. 

520 If £ > 0, then a £ id contradicts the minimality of j. Thus t = mj and j | A; 

521 because k = (sn + m)j. This yields that ip = a k ip = <j( sn+m J ^ = (^7r sn+m and, 

522 as n is the order of the automorphism tt, we obtain n \ sn + m and nj \ k. If, on 
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523 the other hand, nj > k holds, then j < k < nj and we can write k = mj+£ with 

524 < I < j and m G N. Then ip = a k ip = a m ^ +i ip = a i ip r K m and so a ^ v id. 

525 The minimality of j yields £ = as above and hence k = mj. Moreover, we 

526 have ip = o~ k ip = a m ^ip = (pir 171 and thus the order n of the automorphism it 

527 divides the integer m; in particular, we obtain nj \ mj = k which contradicts 

528 the assumption k < nj. Write £ = nj. If $ = {cr}, then the set {id, a, . . . , o"^" 1 } 

529 is an upper bound on the set V from Lemma 15.131 because a e id holds. By 

530 the minimal choice of £, we obtain that V = {id, a, . . . , cr^ 1 }. 

531 Suppose that both a ^ v id and id ^ v a hold. Then, as we already 

532 proved above, there exists an isomorphism ir: im(ip) — > im(a ip) with a ip = ipm. 

533 Since im(o*ip) C im(ip) and ir is bijective, tt is an automorphism of im(<^). Then 

534 automorphism ir of the finite group im(ip), has finite order n, say. Write k = ni. 

535 Then o~ k ip = a n£ ip = ip-K n = <p and so a k ~ id. Suppose that = {a} and that 

536 the integer £ > above is minimal. Then, by our minimal choice of k, we obtain 

537 V = {id, a, . . . , a k ~ 1 } for the set V returned by Algorithm [TJ 

538 The permutation representation ip: F — > Sym(UK\F) of the subgroup U = 

539 (a,b 2 ,bab~ 1 } is induced by the map a i->- ( ) and b h-> (1,2). Therefore, U 

540 satisfies that a id and |im(</?)| = 2 though |im(<7C/j)| = 1. In particular, for 

541 each I > 1, we have |im(<7 £ <^)| = 1 and thus there is no integer £ so that a ~ id 

542 holds. However, we have o~ 2 ip = crip so that the set V = {id, a, a 2 } returned by 

543 Algorithm [1] is finite. □ 

544 The stabilizing core £ introduced in Definition 15.21 satisfies the following 

545 Proposition 5.15 Let V C $* be the finite set returned by Algorithm[I\ The 

546 stabilizing core £ satisfies that 

£ = O kei(aip). 

547 Moreover, £ is the largest <3? -invariant subgroup of UK which is normal in F 

548 and thus £ = Coiep{£)- It is finitely generated, it has finite index in F, and 

549 it contains all iterated relations 1Z of the L -presentation {X \ Q | $ | 1Z) of G. 

550 We have £ C £ C UK C F and £ C Core F (UK) C UK C F. 

551 Proof. Write /C = flcrgv ker(a"V9). Clearly £ C /C. Let g G /C be given. Then, 

552 for all i G T, we have [7A t • 5°" = [/At for each cr G V. Let 5 G be given. By 

553 Lemma l5.3| there exists cr G V with = cr</?. Thus rart-g 15 = UKt-g a = UKt 

554 for each t G T. Hence stabilizes all right-cosets LTAf and thus g G ker(cfy>). 

555 As 5 G was arbitrarily chosen, we have £ = K. 

556 The stabilizing core £ is normal in F because it is the intersection of normal 

557 subgroups. Since £ C ker^) = Coigf{UK) holds, the stabilizing core £ is 

558 contained in UK. As £ = Do-e** l cer ( cr( / 5 ) holds, the subgroup £ is ^-invariant. 

559 Let N be a ^-invariant subgroup which is normal in F and which satisfies 

560 £ < N < UK. Let g G N, t G T, and <r G V be given. Since is ^-invariant, 

561 we have g a G N. As N < F we also have tg a t~^ G A or tg <T = «i for some 

562 t; G A C f/A. Thus C/At • g CT = f/Aut = c7At and so g G ker^). As a G F 

563 was arbitrarily chosen, we have g G £. This yields that A C £ and hence 

564 N = £. 
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565 The stabilizing core £ has finite index in A because it is the intersection 

566 of finitely many finite index subgroups ker(cr</?) with a G V. Moreover, £ is 

567 finitely generated as a finite index subgroup of a finitely generated free group 

568 F. Let r G 1Z be an iterated relator of the A-presentation {X \ Q | $ | 1Z) of G. 

569 Then, for each a £ V, the image r a is a relator of G as well and thus we have 

570 r G ker(cry?) and so r G £. 

571 As £ is ^-invariant, we have £ C £. Since £ is normal in A and a subgroup 

572 of AA, we have £ C Core F (AA). □ 

573 Because the stabilizing core £ contains the iterated relations 1Z of the L- 

574 presentation, the normal closure (f] ae ^* IZ 17 ) 1 ^ is contained in £ as well. This 

575 yields the immediate 

576 Corollary 5.16 If G = (X | Q | $ | K) = (X | | $ | Q U U) is invariantly 

577 L-presented so that G = F / K , we have K C £ C £ C C F. Hence, the 

578 subgroup U = UK/K < F/K = G contains the ^-invariant normal subgroup 

579 £/A. TTie indea; [UK/K : £/K] = [UK : £] is /mite. 

580 Whence the subgroup U in Corollary 15.161 is a finite extension of C/K. Since 

581 £ is the largest ^-invariant subgroup which is normal in F, the stabilizing 

582 subgroup £ is normal in F if and only if £ = £ holds. Moreover, we have the 

583 following 

584 Lemma 5.17 We have £ = £ if and only if £ C Core^t/A) holds. 

585 Proo/. We have £ C £ and C £, for each ^) G If £ = £, then £ = 

586 £ C Coreir(t/A). On the other hand, suppose that £ C Corep(UK) holds. 

587 Let g € £ and cr G V be given. Then g a G £, as £ is cr-invariant. Since 

588 g a G £ C Core F (C/A) holds, we have tg° t~ l G Core F (f/A) C UK, for each 

589 t E T. This yields that [/At • g a = UK t and thus g a acts trivially on the 

590 right-cosets UK\F. In particular, we have g a G ker(^) and g G ker(<r<^). As 

591 a G V was arbitrarily chosen, we have g £ £ = Ho-gy ker (ct(/j). □ 

592 If UK < A is a normal subgroup, then £ C AA = Corei?(AA) holds and hence, 

593 we obtain the immediate 

594 Corollary 5.18 If UK < F, then £ = £. 

595 Note the following 

596 Remark 5.19 There are subgroups that satisfy Corei?(AA) C £. For instance, 

597 the subgroup IA = (a,b 2 ,ba 2 b~ 1 ,bab~ 2 a~ 1 b~ 1 ) of the Basilica group is &-invari- 

598 ant (and hence £ = UK by Lemma \5.12\) but not normal in G. 

599 There are subgroups that satisfy £ C Core^(AA). For instance, the subgroup 

600 IA = {a 2 , b, aba" 1 } of the Basilica group has index 2 in G (and thus it is normal 

601 in G); though the subgroup IA is not g -invariant. 

602 There are subgroups that neither satisfy £ C Corep{UK) nor Core^(AA) C 

603 £. For instance, the subgroup IA = (a,bab~ l ,b~ 1 a 2 b,b 2 ab 2 ,6 3 a _1 6) of the Basil- 

604 ica group satisfies [F : £] = [A : Corep(AA)] and £ ^ Core^(AA). 
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605 6 The Reidemeister-Schreier theorem 



606 In this section, we finally prove our variant of the Reidemeister-Schreier theorem 

607 in Theorem 11.11 For this purpose, let G = {X \ Q | $ | 1Z) be a finitely L- 

608 presented group and let U < G be a finite index subgroup given by its generators 

609 gi, . . . ,g n , say. We consider the generators gi, ■ ■ ■ ,g n as elements of the free 

610 group F over X. Denote the normal closure of the relations of G by K = 
6" (Q U Uae<f* Vf ) F and let 17 = (01, ... , g n ) < F. Then U = UK/K. If T C F 

612 denotes a Schreier transversal for UK in F, the Reidemeister-Schreier Theorem 

613 in Section [3] shows that the subgroup U admits the group presentation 

U^{y\{T{tqT 1 ) \t&T,qeQ}U \J {r^t" 1 ) | t € T, r € 71}), (7) 

<re<i>* 

614 where r is the Reidemeister rewriting. We will construct a finite L-presentation 

615 from the group presentation in Eq. (|7|). First, we note the following 

616 Theorem 6.1 Let G = (X \ Q | $ | 1Z) be invariantly finitely L -presented. 

617 Each ^-invariant normal subgroup with finite index in G is invariantly L- 

618 presented. 

619 Proof. Let G = (X \ Q | <E> | 1Z) be an invariantly finitely L-presented group 

620 and let U < G be a ^-invariant normal subgroup with finite index in G. Every 

621 invariantly L-presented group can be considered as an ascendingly L-presented 

622 group by Proposition 12.21 Therefore, we may consider Q = in the following. 

623 Consider the notation introduced above. As G is invariantly L-presented, we 

624 have K a C K for each Since the subgroup U is ^-invariant, we also have 

625 U a C U and therefore (UK) a C UK for each a 6 By Lemma EZEZ1 we have 

626 C = UK. Furthermore, as UK<F holds, we have C = C and thus UK = C = C 

627 Let t G T be given. As U < G holds, the mapping <5 4 : ?7if — > KfT, (7 h4 

628 defines an automorphism of LTf . The Reidemeister rewriting r: ?7if — > F{y) is 

629 an isomorphism of free groups and therefore the endomorphisms <l>U{5t | t € T} 

630 of UK translate to endomorphisms U {<5j | t € T} of the free group F(y). 

631 Consider the invariant finite L-presentation 

(y\®\$U{5 t \t£T}\ {r(r) \reTZ}). (8) 

632 In order to prove that the finite L-presentation in Eq. (|8|) defines the subgroup 

633 U, it suffices to prove that each relation of the presentation in Eq. ([7]) is a 

634 consequence of the relations of the L-presentation in Eq. and vice versa. 

635 For t € T, r E 1Z, and a € <£*, we consider the relation r(ir cr t~ 1 ) of the 

636 group presentation in Eq. ([?])• Clearly, this relation is contained in the finite 

637 L-presentation in Eq. ([S]) as there exists a € <!?* so that (r(r)) cr = r(r CT ). Then 

638 (T~(r)) aSt = r(tr cr t~ 1 ). On the other hand, consider the relation r(r) CT of the 

639 finite L-presentation in Eq. ([S]) where r € 7£ and er € U {<5j | t € T})*. Write 

640 \& = <& U {5t I t € T}. Since 1 £ T and id G $*, we can write each image of an 

641 element 5 € VP as r((7) <5 = r(t0 <5 1" 1 ) for some t € T and (5 € <&*. Since € V I / *, 

642 we can write a = a\ ■ ■ ■ a n with each ai G 4 r . Then the image r(r) CT has the 

643 form 
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644 Since T is a transversal for UK in F, we can write t n ■ ■ ■ t^ ' an t^ 2<73 ' = ut 

645 where i G T and it G [ZK. This yields that r(rf = T(utr CTia2 - (7n t^ 1 u" 1 ) = 

646 T(u)r(tr aia2 - CTn t-^riu)" 1 , which is a consequence of r(t r CTl<72 '" CTn i" 1 ). The 

647 latter relation r(t r " 10 " 2 '" "™ is a relation of the group presentation in Eq. ([7]). 

648 In summary, each relation of the group presentation in Eq. (J7J) is a consequence 

649 of the finite L-presentation in Eq. ([8]) and vice versa. □ 

650 In order to prove our Reidemeister-Schreier theorem for finitely L-presented 

651 groups, we need to consider finite index subgroups that are not normal. For 

652 this purpose, we need to construct the relations r(tr cr t _1 ), with t G T, r G 1Z, 

653 and a G The overall strategy in this paper is to construct the relations 

654 as iterated images of the form r(srs~ 1 ) ff for s G T and some a G $*. If the 

655 subgroup hi is normal as in Proposition l6.3l the conjugation action 5t- UK — > UK 

656 enables us to first construct the image r(r <J ) = r(r) cr and then to consider the 

657 conjugates r(r <T ) <5t = r(ir°"i -1 ). However, in general, it is not sufficient to take 

658 as iterated relations those T(trt~ 1 ) a = r(i <T r cr t~ cr ), with t G T and r G 1Z, as a 

659 may not be invertible over {t a \ t G T}. More precisely, we have the following 

660 Remark 6.2 Let U = (a, b 2 , ba?b~ l , bab~ 2 a b , ba~ 1 b~ 2 ab~ 1 } be a subgroup 

661 of the Basilica group G. The subgroup U is a-invariant and thus we can 

662 consider the iterated images {r(r)°" | r G 1Z, a G $*}. A Schreier transver- 

663 sal T for U in G is given by T = {l,b,ba,ba 2 ,bab,ba 2 b}. We have T a = 

664 {1, a, ab 2 , ab 4 , ab 2 a, ab 4 a}. Note that T a C UK holds. Thus we cannot ensure 

665 that the iterated images {r(trt~ 1 ) <J | r G 1Z, t G T, a G contain all rela- 

666 tions in Eq. $^). As the subgroup U is not normal in G, we cannot consider 

667 the conjugate action as well. However, an invariant finite L-presentation for 

668 the subgroup hi can be computed with Theorem \ 7.1\ as the subgroup hi is leaf- 

669 invariant (see Section^ below). 

670 In the following, we use Theorem 16.11 to prove our variant of the Reidemeister- 

671 Schreier Theorem for invariantly finitely L-presented groups first. 

672 Proposition 6.3 Every finite index subgroup of an invariantly finitely L-pre- 

673 sented group is finitely L-presented. 

674 Proof. Let hi be a finite index subgroup of an invariantly finitely L-presented 

675 group G = F/K. By Corollary 15.161 the subgroup hi = UK/K contains a 

676 normal subgroup C/K with finite index in G and which is ^-invariant. By 

677 Theorem 16. 1\ the subgroup LjK < F/K is finitely L-presented. The subgroup 

678 hi is a finite extension of a finitely L-presented group and thus, by Corollary 12. 4| 

679 the subgroup hi is finitely L-presented itself. □ 

680 Recall that we do not have a method to construct an invariant L-presentation 

681 for a finite extension of an invariantly L-presented group. Therefore, we cannot 

682 ensure invariance of the finite L-presentation obtained from Corollary 15. 161 We 

683 will study in Section [7] conditions on a subgroup of an invariantly L-presented 

684 group that ensure the invariance of the subgroup L-presentation. First, we 

685 complete our proof of Theorem 11.11 
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686 Proof of Theorem \l.l\ Let G = {X \ Q | $ | TV) be a finitely L-presented group 

687 and let hi be a finite index subgroup of G. Denote the free group over X by 
ess F. Define the normal subgroups K = (Quf| ffg( j, TV) F and L = (Here** ^- a ) F ■ 

689 Let U < F be generated by the generators of hi so that = UK/K holds. Then 

690 we have L < K < F and G = F/K. Further, the group H = F/L is invariantly 

691 L-presented by (X | | $ | TV) and it naturally maps onto G. The subgroup 

692 UK/L < F/L has finite index in H as [F : LET] is finite. By Proposition 16. 3| 

693 the subgroup UK/L of the invariantly finitely -L-presented group H = F/L is 

694 finitely L-presented. The exact sequence 1 — > K/L — > UK/L — > UK/K — > 1 

695 yields that hi = UK/K ^ (UK/L) /(K/L) where the kernel K/L is finitely 

696 generated, as a normal subgroup, by the image of the fixed relations in Q. 

697 Thus, by Proposition 12.61 hi is finitely L-presented as a factor group of a finitely 

698 L-presented group whose kernel is finitely generated as a normal subgroup. □ 

699 7 Invariant subgroup //-presentations 

700 The algorithms in [2j [15] are much more efficient on invariant L-presentations. 

701 Therefore, we will study conditions on the subgroup hi of an invariantly L- 

702 presented group G to be invariantly L-presented itself. By Theorem 16. 1[ each 

703 ^-invariant normal subgroup hi of an invariantly finitely L-presented group 

704 G = {X | Q | $ | TV) is invariantly finitely L-presented as soon as [G : U] is 

705 finite. 

706 Let ip: F — > Sym(UK\F) be a permutation representation as usual. Recall 

707 that the subgroup hi is leaf-invariant, if the (p- leafs 

70s of V satisfy ^ = {# | V € $, 5 G V, # V}; cf. Definition ESI This definition 

709 yields the following 

710 Theorem 7.1 Each leaf-invariant, finite index subgroup of an invariantly finitely 

711 L-presented group is invariantly finitely L-presented. 

712 Proof. Let G = (X \ Q \ $ | TV) be invariantly finitely L-presented and let 

713 hi < G be a leaf-invariant finite index subgroup of G. Clearly, we can consider 

714 Q = in the following. The ip- leafs * satisfy ^ = {^<5 | -0 G $, <5 G V, -0(5 y}. 

715 By Lemma 15.91 each 99- leaf ^ € f C $* defines an endomorphism of the 

716 subgroup UK. Moreover, Lemma l5, 91 shows that each can be written as 

717 cr = $8 with tfEF and (5 G f*. Consider the finite L-presentation 

(y I I {# I # G *} I {r(V i" 1 ) I G V, r G ft, t G T}}, (9) 

718 where y denotes the Schreier generators of UK and ipa denotes the endomor- 

719 phism of the free group F(y) induced by the endomorphisms ipa of UK. For 

720 t G T, a G $*, and r G 7£, the relation T(tr a t~ l ) of the group presentation 

721 in Eq. ([7]) can be obtain from the above L-presentation as follows: Since each 

722 a G $* can be written as a = $8 with $ G V and (5 G we claim that the 

723 relation r(tr a t" 1 ) is a consequence of the image r(tr^ t" 1 )* 5 . The latter image 
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724 satisfies that r{tr^ t' 1 ) 5 = r(t s r" 95 t~ s ) = r(t 5 r u t~ 5 ). As 6 G we can write 

725 (5 = 5i • • • <5 n with each <5j G Vl/. Recall that S^p = <p holds. Thus the right-coset 

726 UK 1 satisfies that UK 1 -t ai = UK 1 • i = UK t and therefore UK t Sl - Sn = UK t. 

727 Hence, there exists u G UK so that = ut and we obtain 

r(tr* i -1 )* = r(i 5 r CT i" 5 ) = r(ut r CT t" 1 n" 1 ) = r(n) r(t r CT t~ l ) r(n)" 1 

728 which is a consequence of T{tr a t~ l ) and vice versa. Similarly, every relation 

729 of the L-presentation in Eq. ((9j) is a consequence of the relations in Eq. (J7J). 

730 Therefore, the invariant finite L-presentation in Eq. ([9]) defines the leaf-invariant 

731 finite index subgroup U. □ 

732 For finite L-presentations (X \ Q \ $ | 1Z) with = {&}, the leaf-invariance of 

733 the subgroup U yields the existence of a positive integer j so that a 3 ip = ip holds. 

734 If we assume the positive integer j to be minimal, then V = {id,<r, . . . jO"-? -1 } 

735 and \l/ = {cr J }. In this case, the invariant finite L-presentation in Eq. ([9]) 

736 becomes 

U^(y\$\ {^} | {T{tr ul r l ) | t G T,r G TZ,0 < i <j}). 

737 Note that the subgroup U in Theorem 17. II is not necessarily normal in G. How- 

738 ever, leaf-invariance of a subgroup is a restrictive condition on the subgroup. 

739 We try to weaken this condition with the following 

740 Definition 7.2 Let G = (X \ Q \ $ | 1Z) be a finitely L-presented group and 

741 letU < G be a finite index subgroup with permutation representation ip. Then 

742 the subgroup U is weakly leaf-invariant, if 

\$> = {^j 1 1\) e 5 e y, ip5 V, ip5 id} 

743 satisfies ^ = {tp5 \ ip G 5 G V, ip5 V}. 

744 The notion of a weakly leaf-invariant subgroup is less restrictive than leaf- 

745 invariance, as low-index subgroups of the Basilica groups suggest: Among the 

746 4 956 low-index subgroups of the Basilica group with index at most 20 there 

747 are 2 539 weakly leaf-invariant subgroups; only 156 of these subgroups are leaf- 

748 invariant. More precisely, Table [T] shows the number of subgroups (<) that are 

749 normal (<l), maximal (max), leaf-invariant (l.i.), weakly leaf-invariant (w.l.i.), 

750 and the number of subgroups that are weakly leaf-invariant and normal (< + 

751 w.l.i.). For finite L-presentations (X \ Q \ $ | TZ) with <I> = {<r}, each leaf- 

752 invariant subgroup is weakly leaf-invariant by Lemma 15.141 (iii). On the other 

753 hand, a weakly leaf-invariant subgroup with $ = {a} such that both a id 

754 and id a hold, is leaf-invariant by Lemma f5.14| (iv). There are subgroups of 

755 a finitely L-presented group that are weakly leaf- invariant but not leaf-invariant; 

756 see Lemma 15.141 (v). If $ contains more than one generator, then we may ask 

757 the following 

758 Question 2 Is every leaf-invariant subgroup weakly leaf-invariant? 
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Table 1: Subgroups of the Basilica group with index at most 20. 



index 
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max 
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< + w.l.i 
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1 
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3 
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3 
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19 
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19 
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11 
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11 
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39 


13 
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14 


12 
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15 
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15 
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163 


19 
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139 


19 


9 


115 


13 


9 


49 


52 


13 


10 


83 


19 








22 


18 


11 


23 


12 


23 


12 


12 


12 


12 


355 


31 








98 


28 


13 


27 


14 


27 


14 


14 


14 


14 


115 


25 








30 


24 


15 


77 


24 





24 


24 


24 


16 


1843 


47 








1531 


43 


17 


35 


18 


35 


18 


18 


18 


18 


1047 


44 








366 


40 


19 


39 


20 


39 


20 


20 


20 


20 


939 


45 








158 


42 



759 The problem is that Definitions 15.81 and 17.21 depend on the minimal sets V and 

760 V which satisfy V C V but which may differ in general. We do not have an 

761 answer to this question. 

762 Moreover the sets V and V in the Definitions 15.81 and 17.21 may also depend 

763 on the ordering -< chosen in our Algorithm [TJ Though we have the following 

764 Lemma 7.3 The conditions leaf-invariance and weak leaf-invariance do not 

765 depend on the choice of the ordering -< in Algorithm^ 

766 Proof. We show the claim for the weaker condition of weak leaf-invariance and 

767 we show this by proving that the set V in Lemma 15.131 does not depend on the 

768 ordering. Suppose that a subgroup U is weakly leaf-invariant with respect to 

769 the ordering -<. Let and V < be the sets with respect to the orderings -< and 

770 <, respectively. We first show that V < C V~> holds. Let a G V < be a -(-minimal 

771 counter-example with a £ . As id G , we have a ^ id and therefore we can 

772 write a = ip5 with ip G $ and 5 G Now, V < can be considered as a subtree 

773 and hence, we have 5 G V < and 5 -< a. By the minimality of a, we have 5 € V^. 

774 Thus the element a = tpS satisfies ip G 3>, 8 G V^, and tp5 V^. Since the 

775 subgroup U is weakly leaf-invariant with respect to we have ip5 ~~>u> id which 

776 contradicts the assumption that a = ip5 G V < . On the other hand, let a G 

777 be ^-minimal so that u ^ V<. As id G V<, we have a ^ id and hence, we can 
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778 write a = i/j8 with ip G $ and 5 € Since is a subtree of we also have 

779 (5 £ Kj and <5 -< cr. The minimality of <r yields that 5 £ V < . Since ipS ^ V<, 

780 there exists 7 € V< so that a = ip5 7. Note that 7 G V< C which 

781 contradicts that a = ^5 € as there would exists 7 G Kj so that u 7 

782 which is impossible. □ 

783 It can be shown that the subgroup V = (sci, X2, X3, X4 x\ x^ 1 , x|) of the subgroup 

784 hi in Section 2] is weakly leaf-invariant but it is not leaf-invariant. The notion 

785 of a weakly leaf-invariant subgroup yields the following 

786 Lemma 7.4 A normal subgroup UK <F is a -invariant if and only if a id. 

787 Proof. Suppose that a ^ v id holds. Then there exists a homomorphism 

788 7r:im(y>) — > im(<jy?) so that o~ip = (pir. Let g G UK = Coiqf{UK) = ker(<^) be 

789 given. Then 1 = (gf)* = g v™ = g aL P = (g a y and so g a G ker(^) C UK. In 

790 particular, the subgroup UK is cr-invariant. On the other hand, suppose that 

791 the normal subgroup UK < F is c-invariant. For g G F, we define the map 

792 5 g :UK\F -> UK\F, UKt ^ UK t ■ g. Note that, for g,h <E F, we have that 

793 £/K\F -> L7/v"\F, UKt ^ UKt ■ gh and so ^ = Then 5 5 G im(<p). 

794 We define a map 7r:im(<^) — > Sym(£ZK\F), 5 g h-> 5 5 <t. Let g,h £ F be given. 

795 Then (J^) 71 " = (VT = ^(a/i)" 7 = = V^ CT = i^gT^hY- Suppose that, 

796 for g G F, the map <5 9 acts trivially on UK\F. Then, for each t G T, we have 

797 C7K" t • g = UKt or tc/t" 1 G fZK. Since < F, the latter yields that g G L7K" 

798 and, as UK is cr-invariant, we also have that g a G UK. Thus tg a t~ l G cTfT. 

799 Consider the image (J^ = 5 g «. Then, as t^i" 1 G UK, the map <5„ fixes UKt. 

800 Because f G T was arbitrarily chosen, we have 5 g a = 1 G Sym(UK\F). Thus 

801 the map ir defines a homomorphism that satisfies o~(p = (pir. Thus a ^ v id. □ 

802 Lemma 17.41 yields that a ^-invariant normal subgroup is weakly leaf-invariant. 

803 However, there exist subgroups which are weakly leaf- invariant but not 

804 invariant (e.g. the subgroup hi = (a, 6a6 _1 , 6 3 ) of the Basilica group in Section^] 

805 satisfies a 2 id but not a id; thus, it is weakly leaf-invariant but not 

806 ^-invariant). The condition UK < F in Lemma [7.41 is necessary, as we have the 

807 following 

808 Remark 7.5 The condition UK<F in Lemma \l.J\ is necessary, as the subgroup 

809 U = (a,b 2 ,6a 3 6 _1 ,bab~ 2 a~ 1 b~ 1 ,ba~ 1 b~ 2 ab~ 1 ) of the Basilica group G is not 

810 normal in G, it satisfies {UK) a C UK; however, it does not satisfy a id. 

811 On the other hand, the subgroup U = (a,bab,ba~ 1 b,b 4 ) of the Basilica group 

812 G satisfies a id but it does not satisfy {UK) a C UK as [F : Corep(cTK)] = 
sis [F:£] = 8^4 = [F: UK]. 

814 A weakly leaf-invariant subgroup allows the following variant of our Reidemeister- 

815 Schreier theorem: 

816 Theorem 7.6 A weakly leaf-invariant normal subgroup which has finite index 

817 in an invariantly finitely L-presented group is invariantly finitely L-presented. 

818 Proof. Let G = (X \ Q [ <& | TV) be invariantly finitely L-presented and 

819 let U = UK/K be a finite index normal subgroup of G. As usual, we may 
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820 consider Q = as G is invariantly L-presented. Let V be the subset V C V 

821 given by Lemma 15.131 Since U is weakly leaf- invariant, the weak-leafs ^ in 

822 Definition IT721 satisfy ^ = {-05 | tp G 5 G V, ipS £ V}. By Lemma EH each 

823 ipS € ^ induces an endomorphism of the normal subgroup UK < L. Let T be 

824 a Schreier transversal for LK in F and let 3^ denote the Schreier generators of 

825 the subgroup UK. Then each endomorphism ipS € \l/ of LET translates to an 

826 endomorphism ijjS of the free group F(y). Consider the invariant and finite 

827 L-presentation 

(y | | {# | il>8 £ U {S t | i € T} | {T(r CT ) | r € ft, a € F}), (10) 

828 where St denotes the endomorphism of UK which is induced by conjugation 

829 by t £ T. The finite L-presentation in Eq. ()10p defines the normal subgroup 

830 IA. This assertion follows with the same techniques as above; in particular, it 

831 follows from rewriting the presentation in Eq. (|7|). □ 

832 The subgroup in Section H] is a normal subgroup satisfying a 2 ^ v id and 

833 hence, Theorem 17.61 shows that this subgroup is invariantly finitely L-presented. 

834 Even non-invariant L-presentations may give rise to invariant subgroup L- 

835 presentations as the following remark shows: 

836 Remark 7.7 There are non-invariant L-presentation G = {X \ Q \ $ | 1Z) 

837 and finite index subgroups U < G that satisfy UK a C UK for each a 6 

838 For instance, the finite L-presentation of Baumslag's group G in [Lffl is non- 
639 invariant (cf. Proposition ^. 1\) while its index-3 subgroup U = (a 3 ,b,t) satisfies 

840 (UK) a C UK for each a 6 3>. The subgroup U even admits an invariant L- 

841 presentation over the generators x = a 3 and y = a?ta~ 2 given by 

({x,y} | | {S t ,S t 2} | {y-'xyx- 4 }) 

842 where St is induced by the mapping i4i and y i— > xyx~ s and S t i is induced 

843 by the mapping x \— > x and y i— > xyx~ 2 . 

844 The finite L-presentations for a finite index subgroup constructed in Propo- 

845 sition 16.31 Theorem 17. 1\ and Theorem 17.61 are derived from the group's L- 

846 presentation (X \ Q \ $ | 1Z) by restricting to those endomorphisms in 

847 which restrict to the subgroup. However, there are subgroups of an invariantly 

848 L-presented group that do not admit endomorphisms in <£* which restrict to 

849 the subgroup. In this case the finite L-presentation for the finite index sub- 

850 group needs to be constructed as a finite extension of the finitely L-presented 

851 stabilizing core C as in the proof of Theorem 11.11 The following remark gives 

852 an example of a subgroup of the invariantly finitely L-presented Basilica group 

853 which does not admit endomorphisms in $* that also restrict to the subgroup: 

854 

855 Remark 7.8 LetlA = (b 2 ,a 3 ,ab 2 a~ 1 ,a~ 1 b 2 a,bab~ 1 a) denote a subgroup of the 

856 Basilica group G. Then U is a normal subgroup with index 6 in G. We are not 

857 able to find an invariant finite L-presentation for IA. 
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858 The subgroup IA admits the permutation representations ip: F — > Sym(UK\F) 

859 and the a-iterates 

f a ^ (1,2,3)(4,6,5) f _> ( ) 

6 M- (1,4)(2,5)(3,6) and 6 ^ (1, 2, 3)(4, 6, 5) 

860 as well as 

I & ^ 

861 Clearly, we have a 3 a but for each < £ < 3 we do not have a 1 id. A^oie 

862 i/iai i/ie homomorphism it: im(aip) — > im(<7 3 <^) wii/i er 3 ^ = atpx is bijective. 

863 Suppose there existed o~ n G $* so that the subgroup UK is o~ n -invariant. By 

864 Lemma \7.4\ the normal subgroup UK is o~ n -invariant if and only if o n id 

865 holds. Clearly n > 3. Since a n id holds, there exists a homomorphism 

866 ip:im(ip) — > im(a n ip) so that a n p = tpijj. We obtain pip = a n p = a n ~ 3 o- 3 p = 

867 <7 n_3 apir = a n ipn. Iterating this rewriting process eventually yields a positive 

868 integer < £ < 3 so that pip = a n p = a^ipir^. As tt is bijective, this yields that 

869 a^ip = ipip(Tr~ i y and hence o~ e ^ v id which is a contradiction. Thus there is 

870 no positive integer n € N so that a n id and hence, no substitution in <&* 

871 restricts to the subgroup UK. 

872 Our method to compute a finite L-presentation for the subgroup U in Re- 

873 mark ing s therefore given by our explicit proof of Theorem II .11 If the subgroup 

874 hi in Remark 17.81 admits an invariant finite L-presentation, then the substitu- 

875 tions may not be related to the substitutions of the finite L-presentation 

876 (X | Q | <& | TZ) of the Basilica group in Proposition 14.11 It is neither clear to 

877 us whether IA admits an invariant finite L-presentation nor do we know how to 

878 possibly prove that IA does not admit such invariant L-presentation. 



a ^ () 
\ b ^ (1,3,2)(4,5,6). 



8 Examples of subgroup L-presentations 

In this section, we again consider the subgroup IA = (a, bab" 1 , 6 3 } of the Basilica 
group G as in Section 21 We demonstrate how our methods apply to this 
subgroup and, in particular, how to compute the L-presentation in Section HI 

Coset-enumeration for finitely L-presented groups [13] allows us to compute 
the permutation representation cp: F — >■ Sym(UK\F) for the group's action on 
the right-cosets. A Schreier transversal for IA in G is given by T = {1,6, b 2 } 
and we have 

' a t-> () 
b ^ (1,2,3). 



tp:F->$ 



n ■ 



Moreover, IA is a normal subgroup with index 3 in G and it satisfies a 2 ~~+<n id. 
By Lemma 15.141 there exists an integer k > 2 so that a k ~ id; we can verify 
that a ip = p holds and thus we have <r 4 ~ id. In particular, the subgroup IA 
is (weakly) leaf-invariant and normal. Therefore the following techniques apply 
to this subgroup: 
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892 • As the subgroup hi is a finite index subgroup of an invariantly L-presented 

893 group G, the general methods of Proposition 16.31 and Theorem 16. II apply. 

894 • As the subgroup hi is leaf- invariant, the methods in Theorem 17.11 apply. 

895 • As the subgroup hi is weakly leaf-invariant and normal, the methods in 

896 Theorem 17.61 apply. 

897 We demonstrate these different techniques for the subgroup hi. First, we con- 

898 sider the general method from Proposition 16.31 For this purpose, we first note 

899 that the stabilizing subgroup C and stabilizing core C coincide by Corollarv l5.18l 

900 The stabilizing subgroups C = C have index 9 in F and a Schreier generating 

901 set for C = C is given by 

Xl = a 3 x 4 = abab^a' 2 x 7 = a 2 bab^ x w = b 2 a 2 ba~ 2 . 

x 2 = bab^a~ l x 5 = ab 2 aT x b~ 2 x 8 = a 2 b 2 a~ 2 b~ 2 



x 3 = b 3 xq = b 2 aba 1 xg = b 2 a 3 b~ 
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902 Let F denote the free group over {a, 6} and let J- denote the free group over 

903 {xi, . . . , xio}. The Reidemeister rewriting r: F — > T allows us to rewrite the it- 

904 erated relation r = [a,a b ]. We obtain r(r) = x^ x x^qXq x^xg X3. Furthermore, 

905 the rewriting r allows us to translate the substitution a of the Basilica group 

906 to an endomorphism of the free group T . For instance, we obtain a free group 

907 homomorphisms aiJ-'—^J- which is induced by the map 

Xl h-> X 2 , Xq t-t X8X9, 

x 2 H> x 5 , x 7 H> x 3 x 2 x 5 x 6 , 

X 3 !->• Xl, X 8 H> X 3 X2X 4 x5" L Xg 1 , 

X4 \-¥ XqX 2 1 X^ 1 , Xg 1 y XgXioXgXio 

X 5 Xg 1 , X10 ^ XsXioXyX^ 1 . 

908 Similarly, the conjugation actions 5 a and 5b which are induced by a and b, 

909 respectively, translate to endomorphisms 5 a and 5b of the free group T . By 

910 Proposition 16.31 t ne stabilizing subgroups C = C are finitely L-presented by 

L = C/K = ({2:1, • • • ,£10} I I {v,5 a ,5b} \ {x^x^xq x^x 9 x 3 }). 

911 The subgroup hi satisfies the short exact sequence 1— >-L— >-W— >-C 3 — >1 with 

912 a cyclic group C 3 = (a | a 3 = 1) of order 3. Corollary 12.41 yields the following 

913 finite L-presentation for the subgroup hi: 

({a,xi, . . . ,xi } I {a 3 x{ x } U {{x~ x ) a x\ a }i<i<io | * | {x^x^xq x^xg x 3 }). 

914 where the substitutions = {a,5 a ,5b} of L's finite L-presentation are dilated 

915 to endomorphisms \& = {<r, 5 a , 5b} of the free group over {a, xi, . . . , xio} as in 

916 the proof of Proposition 12.31 

917 Secondly, the subgroup hi is (weakly) leaf-invariant and normal and there- 

918 fore, the methods in Section [7] apply. First, we consider the construction in 

919 Theorem 17.11 for leaf-invariant subgroups. A Schreier generating set for the 

920 subgroup UK is given by xi = a, x 2 = bab -1 , x 3 = b 2 ab~ 2 , and X4 = b 3 . Since 



25 



921 cr 4 ip = (p holds, the subgroup U is <r 4 -invariant and its suffices to rewrite the 

922 relation r = [a,b] and its images. The images T(tr a t~ x ) have the form: 



i 






t = 1 




t = 6 


t = 6 2 





x 1 




X^ X\ X^ 




X2 1 X^ 1 X2 Xl 




1 




x 2 


X ^ X$ X^. X^ 


1 a;4 xi 


*^4 4 *-^2 


2^ arj X2 X4 2!^ X3 


2 


xl 


^4 


1 —2 2 — 
X<2 X^. X-y X ^ 


1 2 

X2 ^4 


—2 —1 —2 2 —1 2 
X2 X^ Xrj X4 X2 X^ X3 X4 


rr 2 ^ 2 ~2 
x 3 ■'I -^3 •''l 


3 


X ^ 


x 3 


2 —1 2 — 
X ^ X 2 X4 


2^2 T 2 


1 9 2 9 9 2 9 

4 1 4 3 "^4 «*^4 2 


—1 —2 —1 2 —2 2 
^4 *^2 *^4 *^4 ^4 ^3 



923 Let 7?. denote the set of relations above. The endomorphism cr 4 translates, via 

924 r, to an endomorphism of the free group over {xi, . . . , £4} which is induced by 



(7 



1. 



Xl !->■ X| 

X2 ' ^ ^4 ^2 

2 4 —2 



X4 ' ^ ^4- 

925 By Theorem IT. 11 an L-presentation for the subgroup IA is given by 

U^({ Xl ,...,x 4 } | | {?} | K). 

926 Finally, the subgroup IA is weakly leaf-invariant and normal and therefore, the 

927 methods in Theorem 17.61 apply. As a 2 ^« id holds, it suffices to consider the 

928 relations r(r) and T(r CT ) and their images under the substitutions <r 2 and 5 b (as 

929 a Schreier transversal is given by T = {1, 6, ft 2 }) which are induced by 



2. 



X± H-7- X 



X2 l-> X3 

2 —1 
X3 ' ^ 3^4 ^2 *^4 
„2 



Xl !->• X2 
X3 I—)- X4 Xl X J 

24 I—)- 24. 



and <5j,: < 

X4 I ^ 

930 Theorem 17.61 yields the following finite L-presentation for the subgroup IA: 
U - {{xi, . . . , x 4 } | | p, S b } | {r(r),T(r°)}). 



931 8.1 An application to the Grigorchuk group 

932 As a finite L-presentation of a group allows the application of computer algo- 

933 rithms, we may use our constructive proof of Theorem 11.11 allows us to investi- 

934 gate the structure of a self-similar group by its finite index subgroups as in [T7] . 

935 As an application, we consider the Grigorchuk group, see [10], (3 = (a,b,c,d) 

936 and its normal subgroup (d) . We show that the subgroup (d) G has a minimal 

937 generating set with 8 elements and thereby we correct a mistake in [3l [9] . 

938 The Grigorchuk group <3 satisfies the following well-known 

939 Proposition 8.1 (Lysenok, |22| ) The Grigorchuk group & is invariantly 

940 L-presented by & = ({a, b, c, d} \ {a 2 , b 2 , c 2 , d 2 , bed} \ {a} \ {(ad) A , (adacac) A }) , 

941 where a is the endomorphism of the free group over {a, b, c, d} induced by the 

942 mapping a t— > aca, b i— > d, c i — >■ t>, and d i— >■ c. 
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943 It was claimed in [3l Section 4.2] and in [9] Section 6] that the normal closure 

944 (d) is 4- generated by {d, d a , d ac , d aca }. In the following, we show that the Rei- 

945 demeister Schreier Theorem can be used to proof that a generating set for (d)® 

946 contains as least 8 elements. Our coset-enumeration for finitely L-presented 

947 groups [13] and our solution to the subgroup membership problem for finite 

948 index subgroups in [13] show that the subgroup 



V= (d,d a ,d ac , d aca , d acac , d acaca , d a 



d" 



) 



(11) 



949 has index 16 in (3 and it is a normal subgroup of so that &/T> is a dihedral 

950 group of order 16. In particular, the subgroup T> and the normal closure (d)® 

951 coincide. A permutation representation tp: F — > S n for the group's action on 

952 the right-cosets UK\F is given by 



ip:F 



'16; 



' a ^ (1,2)(3,5)(4,6)(7,9)(8,10)(11,13)(12, 14)(15,16) 

b i y (1,3)(2,4)(5,7)(6,8)(9,11)(10,12)(13,15)(14,16) 

c M- (1,3)(2,4)(5,7)(6,8)(9,11)(10,12)(13,15)(14,16) 

{ d ^ (). 



953 Our variant of the Reidemeister-Schreier Theorem and the techniques intro- 

954 duced in Section [7] enable us to compute a subgroup L-presentation for V. For 



955 this purpose, we first note that a 



id holds and hence, the normal core 



956 T> = CoveF(UK) = ker(ip) is <r 3 -invariant. The normal core Corep(UK) has 

957 rank 49 and a Schreier transversal for T> in <3 is given by 

l,a,b,ab, ba,aba,bab, (ab) 2 , (ba) 2 , a(ba) 2 ,b(ab) 2 , (a&) 3 , (6a) 3 , a(6a) 3 , b(ab) 3 , (ab) A . 

d, d 1 = d a , d 2 = d ac , d 3 = d aca , 



958 A finite L-presentation with generators do 
i 4 = d acac , d 5 = d acaca , d 6 



959 d A = d acac , d 5 = d acaca , d 6 = d acacac , and d 7 = d acacaca is given by 



({d ,...,d 7 } 
960 where the iterated relations are 



{a, 5 a ,5 b } | 11), 



1Z 



do, [di,d ], [di,d 4 ], [d 7 ,d 3 d 4 ] 4 , [d 7 d ,d 3 d4], (d 3 d 7 d 4 d ) 2 , (d 7 df d df 4 ) 2 } 



96i and the endomorphisms are induced by the maps 



r d 


i y 


di 


di 




do 


d 2 


i y 


d 3 


d 3 




d 2 


di 




d 5 


d 5 


!-»■ 


r/i 


d 6 


!-»■ 


d T 


, di 


i y 


d 6 



' d 


i ^ 


do 


di 




d 2 


d 2 


i — ^ 


di 


d 3 


i y 


df 


d 4 


!->■ 


d d s° 


d 5 


1 ^ 


d 6 


d 6 


1 — ^ 


d 5 


, d 7 


1 ^ 


d^° 



and <r: < 



do 


!-»■ 


d 




di 


!-»■ 


d 7 

"o 




d 2 


i y 


d 7 

d 




d 3 


i — ^ 


d d 7 *d 7 3 








d 




di 


>->■ 


4 3 


d 5 


1 7* 


"o 

d d4 d d3 




d 6 


1 ^ 


,a 7 a 7 

"o 

,d 7 4 d 7 3 


't 


d 7 




d o 
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962 The L-presentation of T> allows us to compute the abelianization T>/[T>, V] with 

963 the methods from [2J. We obtain that V/[D,V] ^ (Z/2Z) S is 2-elementary 

964 abelian of rank 8. Hence, the normal subgroup T> has a minimal generating 

965 set of length 8 because a generating set with 8 generators was already given in 

966 Eq. dn} above. In particular, this shows that (d) @ / (d, d a , d ac , d aca ) . Note 

967 that the mistake could have been detected by computing the abelianization of 

968 the image of (d) in a finite quotient of (5 (e.g. the quotient G/Stab(n) for 

969 n > 4), by hand or using a computer-algebra-system such as Gap. 
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